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COUNTING ISOTROPIC TANGENT LINES OF
HYPERSURFACES
SERGEI LANZAT
Abstract. Consider the standard symplectic (R2n, ω0), a point
p ∈ R2n and an immersed closed orientable hypersurface Σ ⊂
R2n r {p}, all in general position. We study the following pas-
sage/tangency question: how many lines in R2n pass through p
and tangent to Σ parallel to the 1-dimensional characteristic dis-
tribution ker
(
ω0
∣∣
TΣ
) ⊂ TΣ of ω0. We count each such line with
a certain sign, and present an explicit formula for their algebraic
number. This number is invariant under regular homotopies in
the class of a general position of the pair (p,Σ), but jumps (in a
well-controlled way) when during a homotopy we pass a certain sin-
gular discriminant. It provides a low bound to the actual number
of these isotropic lines.
1. Introduction
1.1. Immersions and their invariants. The study of the topology
of the space of immersions Imm(X, Y ) of a smooth manifold X into a
smooth manifold Y is a famous classical problem. Recall that a smooth
map f : X → Y is called an immersion if its differential df is everywhere
injective. The space Imm(X, Y ) equipped with the C∞-topology is an
open subset of the Fre´chet manifold C∞(X, Y ).
The study of Imm(X, Y ) becomes especially interesting if X and Y
are orientable and oriented manifolds. For example, one can study
the path-connectedness of Imm(X, Y ). Two immersions are regularly
homotopic if they can be connected by a continuous path of immersions,
i.e. they belong to the same path-component of Imm(X, Y ). Already in
the simplest cases one gets non-trivial results. In particular, Whitney
[5] classified immersions of the oriented unit circle S1 into the oriented
Euclidean plane R2, i.e. oriented plane immersed curves Γ : S1 → R2
up to regular homotopy: path-components of Imm(S1,R2) are in a
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2 SERGEI LANZAT
natural bijection with integers Z. The bijection is given by the Whitney
index ind(Γ) - the degree of the tangential Gauss map GT : S1 →
S1 given by GT (s) =
Γ′(s)
‖Γ′(s)‖. Note that the Whitney index ind :
Imm(S1,R2) → Z is a locally constant function, i.e. it is an invariant
of immersions up to regular homotopies. The Whitney index ind(Γ) can
also be expressed in terms of the normal Gauss map as follows. Fix the
standard orientations: oS1 on S1 and oR2 on R2. Let us coorient Γ(S1) by
choosing a normal vector field N on it satisfying N×oΓ(S1) = oR2 . Then
ind(Γ) equals to the degree of the normal Gauss map GN : S1 → S1
given by GN(s) = N(Γ(s)).
The following Morse theoretical interpretation of ind(Γ) provides an
interesting connection between the Morse theory and the degree theory.
Let h : Γ(S1) → R be a Morse function, such that its set of critical
points Crit(h) does not contain singular points of the curve Γ. For
example, one can take a generic height function h(p) := 〈p − p0, v〉,
where p0 ∈ R2 and v ∈ S1, see Figure 1.
h
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Figure 1. Whitney index via Morse function.
Then Crit(h) splits into Crit+(h) unionsq Crit−(h), where
Crit+(h) := {p ∈ Crit(h)|N(p) = +v}
and
Crit−(h) := {p ∈ Crit(h)|N(p) = −v}.
In particular, we can use ”half” of critical points of h to compute the
Whitney index. Namely, if we denote by µh(p) the Morse index of a
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critical point p of the function h, then
ind(Γ) =
∑
p∈Crit+(h)
(−1)dim(S1)−µh(p) =
∑
p∈Crit−(h)
(−1)µh(p).
Indeed, ind(Γ) = deg(GN) and since ±v are regular values of GN we
have
deg(GN) =
∑
GN (p)=+v
degpGN =
∑
GN (p)=−v
degpGN .
Finally, we observe that local degrees satisfy degpGN = (−1)dim(S1)−µh(p),
if p ∈ Crit+(h) and degpGN = (−1)µh(p), if p ∈ Crit−(h). It is worth
pointing out that∑
p∈Crit+(h)
(−1)dim(S1)−µh(p) = −
∑
p∈Crit+(h)
(−1)µh(p)
and thus,
χ(S1) =
∑
p∈Crit
(−1)µh(p) =
∑
p∈Crit+(h)
(−1)µh(p) +
∑
p∈Crit−(h)
(−1)µh(p) = 0.
Note also that while the Whitney index ind(Γ) was defined as a discrete
sum of signs (signed points), it can as well be expressed as a continuous
sum. Namely, by Hopf’s Umlaufsatz [3], we have the integral formula∫
S1
G∗Nµ = ind(Γ),
where µ ∈ Ω1(S1;R) is the volume form normalized by
∫
S1
µ = 1.
The above description immediately generalizes to higher dimensions.
Indeed, consider the space Imm(S,Rm), where S is a smooth closed
orientable manifold of dimension m−1. Fix orientations: the standard
oRm on Rm and oS on S. Let ı : S → Rm be an immersion. Then
Σ := ı(S) ⊂ Rm is an immersed orientable hypersurface oriented by
oΣ := ı∗(oS). Let us coorient Σ by choosing a normal vector field N on
it satisfying N×oΣ = oRm . Define the Whitney index ind(Σ) of Σ to be
the degree of the normal Gauss map GN : S → Sm−1, GN(s) = N(ı(s)).
By choosing a Morse height function h on Σ as before, we get that
ind(Σ) =
∑
p∈Crit+(h)
(−1)dim(S)−µh(p) =
∑
p∈Crit−(h)
(−1)µh(p).
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Now, we observe the principal difference between even and odd dimen-
sional cases. Indeed, if dim(S) is even, then∑
p∈Crit↑(h)
(−1)dim(S)−µh(p) =
∑
p∈Crit↑(h)
(−1)µh(p)
and so
2 ind(Σ) =
∑
p∈Crit(h)
(−1)µh(p) = χ(S),
where χ(S) is the Euler characteristics of S. It means that ind is a
constant function 1
2
χ(S) on the space Imm(S,Rm). In the odd dimen-
sional case, ind is already a locally constant function, which depends
on topological types of immersions. Note also that in the latter case
we have χ(S) = 0. So we have a constant function χ(S) on the space
Imm(S,Rm), which, in the case of dim(S) is odd, naturally splits into
an invariant of immersions up to regular homotopies.
The above description of ind(Σ) has the following enumerative mean-
ing: 2 ind(Σ) it is an algebraic (with the above Morse signs) number
of affine tangent spaces to Σ parallel to a given one. In turn, this
can be seen as an algebraic count of affine tangent spaces to Σ that
pass through (m− 2)-dimensional space at ”infinity”. So one can gen-
eralize this very special case to a (algebraic) count of affine tangent
spaces to Σ that pass through a generic (m − 2)-dimensional affine
space P ⊂ Rm r Σ. In Morse theoretical terms it means that we con-
sider now a Morse function h, which is a projection of Σ from P onto
a generic directed line, see Figure 2. The plane case of m = 2 was con-
h
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Γ
Figure 2. Tangent lines through a point.
sidered in [4]. Namely, let L := L(p,Γ) be a set of lines in R2 passing
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through a fixed point p and tangent to a (generic) oriented immersed
plane closed curve Γ. Each such line l ∈ L was counted with a certain
sign εl, so that the total algebraic number N (p,Γ) =
∑
l∈L εl of lines
does not change under homotopy of Γ in R2 r p. One can guess such
a sign rule as follows. Under a deformation shown in Figure 3a, two
-1
l
+1
Γ
lp p
ΓΓΓ
a b
Figure 3. Counting lines with signs.
new lines appear, so their contributions to N (p,Γ) should cancel out.
Thus, their signs should be opposite and one gets the sign rule shown
in Figure 3b. It follows (see [4]) that
(1) N (p,Γ) = 2 ind(Γ)− 2 indp(Γ) .
Here, indp(Γ) is the index of p w.r.t. Γ, i.e. the number of turns made
by the vector connecting p to a point q ∈ Γ, as q passes once along
Γ following the orientation. It may be computed as the intersection
number I([p,∞],Γ;R2) of a 1-chain [p,∞] (i.e. an interval connecting
p with a point near infinity of R2) with an oriented 1-cycle Γ in R2.
The appearance of ind(Γ) and indp(Γ) in the above formula comes as
no surprise: in fact, these are the only invariants of the curve Γ under
its homotopy in the class of immersions in Rr p.
In contrast to the plane case, in higher dimensions we do not have a
natural choice of a tangent direction on an immersed hypersurface Σ :=
ı(S) ⊂ Rm, ı ∈ Imm(S,Rm), such that the degree of the correspond-
ing tangent Gauss map is a locally constant function on Imm(S,Rm).
Nevertheless, such a tangent direction can be chosen in the presence of
additional structures on the target space Rm. Indeed, let us consider
the following equivalent formulation of the plane case. Equip R2 with
the standard symplectic structure ω0 and ask how many lines in R2
pass through p and tangent to Γ parallel to 1-dimensional characteris-
tic distribution ker
(
ω0
∣∣
TΓ
)
of ω0. Indeed, in the 2-dimensional case Γ
is a Lagrangian immersed submanifold, i.e. ker
(
ω0
∣∣
TΓ
)
= TΓ, and the
new formulation is equivalent to the previous one. So in the present pa-
per we study the following question. Consider the standard symplectic
(R2n, ω0), n ∈ N with the standard orientation, a point p ∈ R2n and
an immersed closed oriented hypersurface Σ ⊂ R2nr{p}, all in general
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position. How many lines in R2n pass through p and tangent to Σ par-
allel to the 1-dimensional characteristic distribution ker
(
ω0
∣∣
TΣ
) ⊂ TΣ
of ω0? Such lines will be called isotropic lines of Σ passing through p.
1.2. Main results and the structure of the paper. Let p ∈ R2n
and Σ ⊂ R2n r {p} be as before. We use the natural almost contact
structure and the shape operator of Σ in order to equip each isotropic
line with a certain sign of tangency. We count each such line with this
sign and present an explicit formula for their algebraic number. This
number is invariant under regular homotopies in the class of a general
position of the pair (p,Σ), but jumps (in a well-controlled way) when
during a homotopy we pass a certain singular discriminant. It provides
a low bound to the actual number of these isotropic lines.
The paper is organized in the following way. In Section 2 we intro-
duce objects of our study, define signs of tangency, list the requirements
of a general position, and formulate the main theorem. Section 3 is
dedicated to the proofs. We interpret the desired number of lines as a
certain intersection number; the main claim follows from different ways
of its calculation. We also obtain an integral formula for that number
of lines.
Acknowledgement. I am grateful to Michael Polyak for the con-
stant encouragement, many fruitful discussions and valuable sugges-
tions. This work was carried out at Max-Planck-Institut fu¨r Mathe-
matik, Bonn, and I would like to acknowledge its excellent research
atmosphere and hospitality.
2. Statement of the main results.
2.1. Setting. Consider the standard symplectic (R2n, ω0) with the
fixed standard orientation oR2n . Let p ∈ (R2n, ω0) be a fixed point, let
J0 be the standard almost complex structure on (R2n, ω0) = (Cn, ω0),
i.e. the multiplication by
√−1. Suppose that S is a smooth closed
orientable manifold of dimension 2n−1 with a fixed orientation oS and
ı : S # R2n r {p} is an immersion. Then Σ := ı(S) ⊂ R2n r {p}
is an immersed orientable hypersurface oriented by oΣ := ı∗(oS). Let
us coorient Σ by choosing a normal vector field N on it satisfying
N × oΣ = oR2n . The tangent vector field J0N on Σ spans the kernel of
ω0|TΣ, i.e. spans isotropic lines of ω0|Σ. Let (P,−J0N, η) be the natural
almost contact structure on Σ induced by J0. Namely, for X ∈ Γ(TΣ)
the (1, 1)-tensor P ∈ End(Γ(TΣ)) and the 1-form η ∈ Ω1(Σ) are given
by P (X) = J0(X) − 〈J0(X), N〉N and η(X) = 〈J0(X), N〉, where
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〈·, ·〉 is the standard Euclidean inner product on R2n – see [2] for more
details.
Finally, denote by L := L(p,Σ, ω0) the set of lines in R2n passing
through a fixed point p and tangent to Σ parallel to the 1-dimensional
characteristic distribution ker
(
ω0
∣∣
TΣ
) ⊂ TΣ of ω0.
2.2. General position for the pair (p,Σ) and signs of lines. We
shall assume that the following (generic) conditions hold:
1. The hypersurface Σ is generically immersed in R2n r {p}, i.e.
all its self-intersections are transversal.
2. Every ` ∈ L is tangent to Σ at only one non-singular point.
3. If a line ` ∈ L is tangent to the hypersurface Σ at a point ı(s),
then det(As ± λsPs) 6= 0, where As is the shape operator of
the immersion ı : S # R2n r {p} at s, λs := ‖ı(s) − p‖−1 and
Ps is a short notation for (dsı)
−1 ◦ Pı(s) ◦ dsı. Recall, that the
shape operator is equal to the differential dsG of the Gauss map
G : S → S2n−1, G(s) = N(ı(s)) at the point s.
Now, to each ` ∈ L we assign a sign ε` ∈ {±1} as follows.
Definition 2.1. Suppose that a line ` is tangent to Σ at a point ı(s),
such that its direction vector ξı(s) :=
ı(s)− p
‖ı(s)− p‖ equals to ±J0N(ı(s)),
then define
(2) ε` := sgn(det(As ± λsPs)).
Note that the sign ε` is invariant under a homothety of R2nr{p} with a
positive ratio and the center at p. Indeed, under such a homothety with
a positive ratio c, both operators As and λsPs are multiplied by c
−1.
In addition, for n = 1, i.e. the case of the toy model from Section 1.1,
we have that P = 0. In particular, the sign ε` equals to the sign of the
curvature of a curve at the point of tangency. As a consequence, up
to an orientation of the curve it coincides with Polyak’s sign. In the
higher dimensional case (n > 1), when λs << 1, i.e. the point p is far
away from Σ, we have
ε` = sgn(det(As ± λsPs)) = sgn(det(As)) = sgn(Ks),
where Ks is the Gauss curvature of the immersion at s. On the
other hand, when we are passing zeros of the polynomial Ks(t) =
det(As + tPs), the sign sgn(Ks) may change. As it will follow from
the computations below - see Section 3, we may choose an orientating
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frame on TsS, such that the operator Ps is represented by the matrix
0⊕±
( 0 −11 0
)
⊕ . . .⊕
(
0 −1
1 0
)
︸ ︷︷ ︸
n−1
 .
Let (aij) be a symmetric (2n − 1) × (2n − 1) matrix representing the
shape operator As in the above frame. Then, for example, in the case
n = 2 we have that
det(As + tPs) = det
 a11 a12 a13a12 a22 a23 − t
a13 a23 + t a33
 = a11t2 +Ks.
2.3. The statement of the main result. Let N := N (p,Σ, ω0) be
the algebraic number
N :=
∑
`∈L
ε`
of lines in R2n passing through p and tangent to Σ parallel to the 1-
dimensional characteristic distribution ker
(
ω0
∣∣
TΣ
) ⊂ TΣ of ω0. Denote
ind(Σ) := deg(G) – the degree of the Gauss map (higher dimensional
Whitney index). Denote also indp(Σ) := deg(ξ) – the degree of the map
ξ : S → S2n−1 given by ξ(s) = ξı(s) :=
ı(s)− p
‖ı(s)− p‖ (higher dimensional
index of p w.r.t. Σ). It can be interpreted as the linking number of
a 0-chain {∞} − {p} with Σ in R2n, where {∞} is a generic point
”near infinity” of R2n. Note that the linking number is the intersection
number of a 1-chain [p,∞] with Σ in R2n. The main result of this work
is the following
Theorem 2.2. Let (p,Σ) be in general position as in Section 2.2. Then
(3) N = 2 ind(Σ)− 2 indp(Σ)
In particular, the number N is invariant under local regular homotopies
of the pair (p,Σ) in the class of general position.
Note that the number N provides a low bound to the actual number
of counted isotropic lines.
3. The proof of the main results.
Consider a smooth manifold M := S2n−1 × S2n−1. Let X± := φ±(S)
be immersed orientable submanifolds of M of dimension 2n− 1, where
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immersions φ± : S →M are given by
φ±(s) := (ξ,±J0 ◦G)(s) =
(
ξq :=
q − p
‖q − p‖,±J0(N(q))
)
, q = ı(s).
Denote X := X+ ∪ X− and note that X+ ∩ X− = ∅. In addition,
let D := ∆(S2n−1), where ∆ : S2n−1 → M is the diagonal embedding
∆(q) = (q, q). Every point x ∈ X ∩ D corresponds bijectively to some
line `(x) ∈ L. Since the pair (p,Σ) is in general position, we have that
X and D intersect transversally in finitely many points. Consider the
intersection number I(D, X;M) of D with X in M
I(D, X;M) =
∑
x∈XtD
Ix(D, X;M),
where Ix(D, X;M) is the local intersection number.
Proposition 3.1. For every x ∈ X ∩D, we have Ix(D, X;M) = ε`(x).
Proof. Suppose that x = (ξq,±J0N(q)) ∈ X t D, in particular, ξq =
±J0N(q). Let us find the local intersection number Ix(D, X;M) of D
with X in M at the point x. We fix an orientation oM := oS2n−1 ×
oS2n−1 on M , where oS2n−1 is the orientation on S2n−1 defined by the
outer normal vector field ν, so that ν × oS2n−1 = oR2n . Note that
Tq(R2n r {p}) = Rξq ⊕ (Rξq)⊥, and (Rξq)⊥ = TξqS2n−1. So one can
choose mutually orthogonal unit vectors e1, . . . , en−1 ∈ TξqS2n−1, such
that
Tq(R2n r {p}) = SpanR(ξq, J0ξq, e1, J0e1, . . . , en−1, J0en−1)
and the orientation of the ordered basis (ξq, J0ξq, e1, J0e1, . . . , en−1, J0en−1)
equals oR2n . Note that in this basis we also have that
TξqS2n−1 = SpanR(J0ξq, e1, J0e1, . . . , en−1, J0en−1)
and the orientation of the ordered basis (J0ξq, e1, J0e1, . . . , en−1, J0en−1)
equals oS2n−1 . Next, since TqΣ = (RN(q))⊥ = (R(−J0ξq))⊥ we have
that
TqΣ = SpanR(±ξq, e1, J0e1, . . . , en−1, J0en−1)
and the orientation of the ordered basis (±ξq, e1, J0e1, . . . , en−1, J0en−1)
equals oΣ. Now, if s = ı
−1(q) ∈ S, the local intersection number
Ix(D, X;M) equals to the sign of det(dξq∆ + dsφ±) (depending on x ∈
X+ or x ∈ X−) in the following frames:
SpanR
(
J0ξq, (ei, J0ei)
n−1
i=1
)⊕ (dsı)−1 (SpanR (±ξq, (ei, J0ei)n−1i=1 ))
for TξqS2n−1 × TsS and
SpanR
(
J0ξq, (ei, J0ei)
n−1
i=1
)⊕ SpanR (J0ξq, (ei, J0ei)n−1i=1 ) .
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for T(ξq ,ξq)M . In these frames the matrix A± of dξq∆ + dsφ± equals to
(4) A± =
 12n−1 λsDiag(0, 1, . . . , 1)
12n−1 B±
 ,
where λs = ‖q−p‖−1 andB± is the matrix of the differential ds (±J0 ◦G) =(±J0|TqΣ) ◦ dsG.
It follows that det(A±) = det (B± − λsDiag(0, 1, . . . , 1)). In the cho-
sen frames the matrix of ±J0|TqΣ equals
C± := 1⊕±
( 0 −11 0
)
⊕ . . .⊕
(
0 −1
1 0
)
︸ ︷︷ ︸
n−1

and the matrix of±λsPs equals λsC±Diag(0, 1, . . . , 1).Moreover, C+C− =
C−C+ = 12n−1 and det(C±) = 1. As a consequence,
det(A±) = det (dsG± λsPs) = det (As ± λsPs)
and hence Ix(D, X;M) = ε`(x). 
Corollary 3.2. We have N =
∑
`∈L(p,Σ)
ε` = I(D, X;M).
The next proposition finishes the proof of the main theorem
Proposition 3.3. We have I(D, X;M) = 2 ind(Σ)− 2 indp(Σ).
Proof. We shall use the homological interpretation of the intersection
number. Namely,
I(D, X;M) = ∆∗[S2n−1] • (φ+)∗[S] + ∆∗[S2n−1] • (φ−)∗[S],
where
• : H2n−1(M ;Z)×H2n−1(M ;Z)→ H0(M ;Z) ∼= Z
is the homological intersection product, i.e.
α • β = (PD(α) ∪ PD(β)) ∩ [M ] = PD(β) ∩ α = −PD(α) ∩ β.
Note that for any θ1, θ2 ∈ S2n−1, the class ∆∗[S2n−1] splits as
∆∗[S2n−1] = (∆θ1)∗ [S
2n−1] + (∆θ2)∗ [S
2n−1],
where the embeddings ∆θ1 ,∆θ2 : S2n−1 →M are given by
∆θ1(θ) = (θ1, θ) and ∆θ2(θ) = (θ, θ2).
Next we fix θ1, θ2 ∈ S2n−1, such that θ1 is a regular value of the first
coordinate ξ : S → S2n−1 of the map φ±, θ2 is a regular value of the
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second coordinate ±J0 ◦ G : S → S2n−1 of the map φ± and a smooth
submanifold Dθi := ∆θi(S2n−1), i = 1, 2 intersects transversally with
X in nonsingular points . Since the manifold Dθi represents the class
(∆θi)∗ [S2n−1] for i = 1, 2, it follows
I(D, X;M) = I(Dθ1 , X;M) + I(Dθ2 , X;M).
It remains to prove the following
Lemma 3.4. We have I(Dθ1 , X;M) = −2 indp(Σ) and I(Dθ2 , X;M) =
2 ind(Σ).
Proof of Lemma 3.4. Firstly, we treat
I(Dθ1 , X;M) = I(Dθ1 , X+;M) + I(Dθ1 , X−;M).
We have
I(Dθ1 , X±;M) =
∑
x±∈Dθ1tX±
Ix±(Dθ1 , X±;M)
and in the chosen frames
Ix±(Dθ1 , X±;M) = sgn det
 02n−1 ds(x±)ξ
12n−1 ds(x±) (±J0 ◦G)
 ,
where s(x±) = φ−1± (x±). It follows that
I(Dθ1 , X±;M) =
∑
x±∈Dθ1tX±
− sgn det (ds(x±)ξ) = − deg(ξ)
and hence, I(Dθ1 , X;M) = −2 indp(Σ).
In the same way we get that
I(Dθ2 , X±;M) =
∑
x±∈Dθ2tX±
Ix±(Dθ2 , X±;M)
and in the chosen frames
Ix±(Dθ2 , X±;M) = sgn det
 12n−1 ds(x±)ξ
02n−1 ds(x±) (±J0 ◦G)
 ,
where s(x±) = φ−1± (x±). Recall that det(±J0|Tı(s(x±))Σ) = 1. It follows
that
I(Dθ2 , X±;M) =
∑
x±∈Dθ2tX±
sgn det
(
ds(x±) (±J0 ◦G)
)
= deg(G)
and hence, I(Dθ2 , X;M) = 2 ind(Σ). 
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Using the Poincare´ duality, we immediately get an integral formula
for N . Indeed, let δ ∈ H2n−1dR (M ;R) be the Poincare´ dual class of
∆∗[S2n−1] in the de Rham cohomology. Explicitly, the class δ is given
by [pr∗1µ] + [pr
∗
2µ], where µ ∈ Ω2n−1(S2n−1;R) is the volume form nor-
malized by
∫
S2n−1
µ = 1 and pr1, pr2 : S2n−1 × S2n−1 → S2n−1 are the
natural projections.
Corollary 3.5. We have N = −
∫
S
(φ∗+(δ) + φ
∗
−(δ)).
References
[1] V.I. Arnold, Plane curves, their invariants, perestroikas and classifications,
Adv. Soviet Math., 21 (1994) 33–91.
[2] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, second
edition, Progress in Mathematics, 203, Birkha¨user Boston, Boston, MA, 2010.
MR2682326 (2012d:53245)
[3] H. Hopf, U¨ber die Drehung der Tangenten und Sehenen ebener Kurven, Com-
pos. Math., 2 (1935), 50–62.
[4] S. Lanzat and M. Polyak, Counting real curves with passage/tangency condi-
tions, J. Lond. Math. Soc., 85 (2012), no. 3, 838–854.
[5] H. Whitney, On regular closed curves in the plane, Compositio Math., 4 (1937),
276–284.
Max-Planck-Instituts fu¨r Mathematik, 53111 Bonn, Germany
E-mail address: serjl@mpim-bonn.mpg.de
